Supplement 2
Some Special Functions

In Supplement 2, n is a positive integer, unless otherwise specified.

2.1. Gamma-function

The gamma-function I'(z) is an analitic function of z everywhere, except for the points
2=0, -1, -2, ...
For Rez > 0,

F(z):/ t*~tetdt.
0

For —(n+ 1) < Rez < —n, where n is an integer,

n _1 m
-y =" ? }tz—l dt.
0 m!

The gamma-function possesses the following properties:

I(z+1) =2T(2), I'(n+1) =nl, ra)=r(2) =1

TET(=2) =~ zsirir(wz) » T -2) = Sin?;rz) ’ F(% + Z)F(% B Z) - cos7(r7rz) ’
'(2z2) = 2;1 F(z)F(z + %), I'(3z) = 33;:/2 F(z)F(z + %)F(z + %),
nz) = (2r)(—m/2pn=—1/2 T z k ,
I(n2) = (2r) 1:1 r(z+-—)
()-ve Tl )~ e
[(-g) =R r(n-5) =0 fy, 7
F(;(JZF)") = @ T(w +1;)(;€; 1—)w T1) C:
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2.2. Bessel functions J, and Y,

2.2.1. Basic Formulae

The Bessel functions of the first and second kind J,, and Y, (function Y, is also called
the Neumann function) are solutions of the Bessel equation 2.1.2.121 and are defined by
the formulae

= x/2)”+2k Jy(x)cosmv — J_,(x)
- z GOy = . .
P v+ k+ 1) sin v
The formulae for Y, () is valid for v # 0, £1, £2, ...; (see below for the integral represen-

tation of Y, (z), as well as equation 2.1.2.121 for v = 0, £1, +2, ...).
Function Z,(z) = CyJ,(x) + CoY, (x) is reffered to as the cylindric function.
The Bessel functions possess the following properties:

vZ,(x) = x[Z,_1(x) + Zyy1(z)],

= 4 120s (@)~ Zo (&) = £ (&)  Zuwa),
0 2,(@) = 2 B (0), 2, (@)) =~ D (2)

2 1 2 1
J3/a(w) = — (; sinx — cosx), J_g)2(x) = — (—; cosT — sinx),
T T
[n/2] k
2] nw (=1)%(n + 2k)!
Jng1/2(7) = — {Sm(:v T) kZ:O )T (n — 28)1 (20)7F
ni [(n—1)/2] (_ )k(n—l—?kz—i-l)! :|
+ cos (ac - —
2 (2k + 1)! (n — 2k — 1)! (2x)2k+1

[2 7n7r A ()R 2k)!
Jon-1/2(x) = P [cos(:z: + T) kZ:O ) (1= 211 (22)%F
[(n-1)/2] "
. nw (=1)*(n+2k+1)!
~sin(a+ 5) 2k + )l (n— 2k — 1)!(236)2’”1}

/2 [ 2 .
Yi2(z) = — — COS%; Y_i/0(x) = — sing,

Yn+1/2(x) = (_1)n+1J—n—1/2(x)’ anfl/Q(x) = (_1)n‘]n+1/2(x)’
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2.2.3. Wronskians an Similar Formulae
Notation: W(f,g) = fg; — f9.

W(Jy,J ) = —%Sin(m/), W(J,,Y,) = %
T i (@) + T2 (@) = 22 ) (@) = S (@)Y = -

2.2.4. Integral Representation

Functions J, and Y, may be expressed in terms of definite integrals (with x > 0):
wd,(x) = / cos(z sin @ — v0) df — sin 71'1// exp(—zsinh ¢ — vt) dt,
0 0
7Y, (z) = / sin(x sin @ — v0) df — / (et + e " cos Ti)e TSN gt
0 0

For [v| < 4,2 >0,

21—V ©  sin(wt) dt 21—V °°  cos(xt) dt
Ju(@) = 1 / 2 1/2” Yy (z) = 1/21( L / 2 /2"
/20 (5 —v) i (B2 =1 T 20(5 —v) i (2 - 1)V
For v =0, z > 0,
2 oo . 2 oo
Jo(z) = —/ sin(z cosh t) dt, Yo(z) = ——/ cos(x cosh t) dt.
™ Jo ™ Jo
2.2.5. Integrals with Bessel Functions on Closed Intervals
e AFrt1 2
N x Adv+1l A+v+3 x
JV d = ) ) 11 T s
/0 ) A = e T+ ) ( 2 2 v 4)

where Re(A +v) > —1, F(a,b,c; x) is the hypergeometric series (see equation 2.1.2.158),

/wx)‘Yl,(x)dx— COS(Z”T)F(_V) x)\+l/+1F()‘+V+]- +17 A4+v+3 1'2>
0

T+t 1) 2 7 2 4
2T — - 2
B (v) xkf"HF()\ V+171_y’/\ 1/4—3’_%_)7
A—v+1 2 2 4

where Re A > |Rev| — 1.

2.2.6. Asymptotic Expansion, as |z| — oo

To(x) = 4| = {COS(W) {Mf(—mmm 2m)(2z) 2™ + O(x|_2M)]

m=0

_ Sm(‘“"‘%#) []wi(_nm(u, om + 1)(2¢) 2! 1 O(|x_2M_1)] }

m=0
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M—1

S ()™ (v, 2m)(20) " 0<|x|2M>}

m=0

+ cos(%) ril(—l)m(m om 4 1)(2z) 721 + O(|x2M1)] }7

m=0

(3 +v+m)
m!F(%—Fl/—m).

where (v,m) = (42 —1)(4% = 3% .. [4* - (2m —1)?] =

22min)

2.3. Modified Bessel Functions I,, and K,

2.3.1. Basic Formulae

The modified Bessel functions of the first and second kind I, and K, (function K, is
also called the Basset function) are solutions the modified Bessel equation 2.1.2.122 and are
defined by the formulae

> (x/2)2k+ I, —1,

Z K, (z) =+
Ok'FV—i—k—i—l) 2

sin v

(see equation 2.1.2.122 with v =0, 1, 2, ... for the representation of K, (z)).
The modified Bessel functions possess the following properties:

K—V(‘r) = KV(z)v I_n(l’) = (71)’”]71(9:)’ n= Oa 13 23 e
vl (z) = 2[l,—1(z) — Tn41(2)], 2Ky (z) = —2[Ky—1(z) — Kpia ()],

@) = gl @)+ @) () = 5 K1) + Ko (@)

2.3.2. Modified Bessel Functions for v = +n + = 1 ; n=0, 1, 2,

2
I o(x) = \/%sinhx, I_i)5(z) =1 — — cosh z,
2

Iya(a) = || = (—%sinhx—&-coshaz), I_35(x \/Z —coshx+smhx)

Lyor o) = \/217r_x {ewg: kf(nl)’“()tk)) ~ mz”: - n—i—k )k],

Lonyal@) = \/glﬁ—x [eé kf (nl>—(k).(2x)) * UW“; 7l (75714/;)]7)(2@)4
Karja(a) = \[g=e™,  Kugyal(a) %(1—#%)6”3,
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2.3.3. Wronskians and Similar Formulae
Notation: W (f,g) = fg, — fLg.

W(l,,1-,)= —% sin(mv), W(l, K,) = _%7
L@t (@) ~ (@) (@) = =22 )R @)+ L @)K ) =

2.3.4. Integral Representation

Functions I, and K, may be expressed in terms of definite integrals (with >0, v > — % ):

¥ 1
I,(z) = exp(—xt)(1 — 2V~ Y2 dt,
@)= AT / p(—at)(1 - £2)

K,,(x)z/o exp(—x cosh t) cosh(vt) dt.

2.3.5. Integrals with Modified Bessel Functions on Closed Intervals

@ Atvtl A+v+1 A4+v+3 a?
)\ l‘
I(2) dz = ( : vl o),
/0 L) A = e T T 1) 2 2 vl

where Re(A +v) > —1, F(a,b,c; x) is the hypergeometric series (see equation 2.1.2.158),

v 2v=10(v) A—v+1 A—v+3  2?
A _ 2 S\ o A—v+l A o SNy 2
/OxKV(x)dxf)\_y_i_lx F( 5 , 11—, 5 , 4)
27V (—v) i Atr 1 A+v+3 2?2
LD e F( it ’T)’
where ReA > |Rev| — 1.
2.3.6. Asymptotic Expansion, as * — oo
M 2 2 2 2 2
e® (4v? = 1)(4v* = 3%) ... [4v* — (2m — 1)7] M1
I,(z) = 1+ 1™ +O(z ,
(@) V2re { mZ=1( ) m! (8x)™ ( )}
M 2 2 2 2 2
B T . (4v? = 1)(4v* = 3%) ... [4v* — (2m — 1)7] A1
Ky (z) = V 2z € {1 + Z m! (8x)™ +0 )}

m=1

2.4. Degenerate Hypergeometric Functions

2.4.1. Definitions

The degenerate hypergeometric functions ®(a,b;x) and ¥(a,b;x) are solutions of the
degenerate hypergeometric equation 2.1.2.65.
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Ifb#0, -1, =2, =3, ..., function ®(a,b; ) is expressed in terms of Kummer’s series:

=, (a
b(a,b;x) =1+
- T

where (a)y =ala+1)...(a+k—1), (a)o = 1. Function ¥(a, b; x) is defined as follows:

T'(1-b)

\I/(a, b, .T) = m

O(a,b;x) + 2@ —b+1, 2-b; z).

Table 2.1 represents some special cases where ® is expressed in terms of simpler func-
tions.

2.4.2. Basic Properties

Kummer’s transformation:
®(a,b;z) = e*®(b — a,b; —x), U(a,b;x) =2 PU(1 +a—b,2—b;x).
Linear relations for function &:

(b—a)®(a—1,b;2) 4+ (2a — b+ x)P(a,b;x) —aP(a+ 1,b;2) =0,
b(b—1)®(a,b—1;2) —b(b—1+z)®(a,b;z) + (b — a)zP(a,b+ 1;2) = 0,
(a—b+1)®(a,b;z) —a®(a+1,b;x) + (b—1)®(a,b — 1;z) = 0,
b®(a,b;x) — b®(a— 1,b;2) — 2®(a, b+ 1;2) = 0,

bla+ z)®(a,b;z) — (b —a)zP(a,b+ 1;2) —ab®P(a + 1,b;z) =0,
(a—1+x)0(a,b;x)+ (b—a)®(a—1,b;x) — (b —1)®(a,b—1;z) =0,

Linear relations for function W:

U(a—1,b;z) — (2a —b+2)¥(a,b;z) +ala—b+1)T(a+1,b;z) =0,
b—a—-1)%(a,b—1;2) — (b—14+2)¥(a,b;x) + z¥(a,b+ 1;2) =0,
U(a,b;z) —a¥(a+1,b;2) — ¥(a,b—1;2) =0,

(b—a)¥(a,b;x) —2V(a,b+ 1;2) + V(e —1,b;2) =0,
(a+z)¥(a,b;z)+alb—a—1)¥(a+1,b;2) —2V(a,b+ 1;2) =0,
(a—1+x)¥(a,b;z) —¥(a—1,b;2)+ (a —c+1)¥(a,b—1;2) = 0.

Differentiation formulae:

d a d
E(P(cub;x) = ?(I)(a+17b+1;x)a %\I/(a b;x) =—aV(a+ 1,0+ 1;x),
d- O(a,byx) = (@) ®(a+n,b+n;x), d” U(a,b;z) = (—1)"(a)n¥(a + n,b+ n; )
dxn (b)n d{}jn Y Y k) )
Wronskian:
I'(b
W(®,0) =0V, — @/ ¥ =— ©) —ber,
I'(a)
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2.4.3. Integral Representation

D(a,b;x) = _ o /1 e A ) Lt (if b>a >0)
o T(a)T(b—a) Jo ’
1 (oo}
U(a,b;z) = / e e 1y )b at, (it a >0,z >0)
I'(a) Jo

where I'(a) is the gamma-function.

2.4.4. Integrals with Degenerate Hypergeometric Functions

/@(a,b;x)d:c:b;i\Il(a—l,b—l;x)—i—C’, /@(a,b;x)d:r: - !

U(a—1,b—1;2)+C,

—a

n+l k+1 n—k+1
(D" (1 = b)sz
"®(a,b; dzlg d(a—k,b—k;
/:c (a,b;2)dx =n 2 0= k<1 (a , jx) + C,

n+1 (71)k+1xnfk+1

"W(a,b;z)dr =n! Pla—k,b—Ek; C.
/x (a,b;z)dr =n kzz:l (ERCE TS (a , ;x) +

2.4.5. Asymptotic Expansion, as || — oo

N
®(a,b;z) = L®) eTxa? {Z (€= @)l = a)n "+ O(:C_N_l)] , x>0,

I(a) o n!
N
e bi2) = gy (0| 3 T 0] <o
N
U(a,b;z) = ¢ [Z(m (@)n(a ;,b T Un oy O(|1:|N1)}, 00 < T < +o0.
n=0 .

2.5. Legendre Functions

2.5.1. Definitions

The associated Legendre functions P! (z) and Q' (z) of the first and second kind are
linearly-independent solutions the Legendre equation (see 2.1.2.212):

(1=2%yl, —2zy, + (v +1) — p*(1 - 2°) "y =0,

where parameters v, u and variable z may be arbitrary real or complex numbers.
With |1 — 2| < 2, the following formulae may be used:

1 1\~/2 1-—
<Z+ )M F(_Va1+y71_,uv Z)a
P(l—p) \z-1 2

1- 1\ % 1—
F(—u, 14v, 144, TZ)JFB(EJ_Fl) ’ F(—z/, v, 1, — Z)

A'(1+v—p) 2’

P)(z) =

o=a(h)

A= ¢

ml’;
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where F'(a,b, c; z) is the hypergeometric series (see equation 2.1.2.158).
With |z| > 1, the following formulae may be used:

—v—1 1
Pﬂ(Z)ZQ - Z/)z_l““”_l(2—1)‘u/21?(1+”_“ 2+v—p 2043 1)

NV ? 2 T 2 T2 2
2VF( +v) (2 1)*“/2F(— v+p l1l—v—p 1-2v i)
\/_F(1+V— ) 2 ) 2 ’ 2 ) 2’2 )

O (2) = 1W\/—P(V+M+1) Z—y—u—1(22_1)p/2F(2+V‘|‘H l+v4p 2v+3 1
2+1D(y 4 ) 2 ’ 2 T2 T2 )
The functions

P(2) =P)(2),  Qu(x)=Qu(2)

are called the Legendre functions and are solutions of the Legendre equation 2.1.2.148.
The modified associated Legendre functions on the cut z = z,—1 < x < 1, are defined
by the formulae

1 .
Pl(z) = ) [e?”‘”P”(a: +i0) + e~ ””Plﬁ‘(as — iO)},

1 . _
Qb (z) = 567”‘” {67%““1'@5(33 +40) + e%””rQﬁ(x — ZO)} )

2.5.2. Trigonometric Expansions

With —1 < z < 1, the modified associated Legendre functions can be expressed in terms
of trigonometric series:

P! (cosf) =

gutl F(V—|—,u+1)(. e)ui (3 + s+ v+ sin[(2k + v 4+ p + 1)0],
k=0

VT T+ 2) k(v + )
p WITwrp+1) oo (3t Wt v 4
Qb (cosf) = /7 2 NOREY (sin ) kZ:O W+ D) cos[(2k + v+ p+ 1)0],

where 0 < 0 < 7.

2.5.3. Some Relations

I'v+n+1)
PY P Pl(z)= —— P " =0,1,2, ...
l/( ) et Za 1(2) V(Z) F(V—’I’L—‘rl) (Z) n ) ’ ?
T in Fl+v+p)
Qh(z) = o[ Py - I L p#(z)
2sm(mr) Ml4+v—up)
For -1 <zx<1,
2v+1 V4 u
P# - - - P# I, 5
fa (@) = e Pl e) - P (@),
P! (x)= P! (z)— (2v+ 1)1 —2*) 2Pl (a),
d vx v+pu
_PM — PH _ PH
TP(r) = — - P) - P (),
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ForO<z <1,

P!(—x) = P!(z) cos[r(v + p)] — 272 Q¥ (z) sin[r (v + u)],
QUi(~) = QL) coslr(v + )] — SmPL () sinfr(v + ).

Wronskians: ) L
_ mo Ry
W(PVaQV)_ 1_1‘2? W(Pnyv) 1—$2’
e
D(E4)r(442)
Forn=0, 1, 2, ...,

where k = 22#

d’ﬂ/ dTL
Pra) = (1" (- a2 p ) Qi) = (170 - 2, (),
The Legendre polynomials P,(z) and the Legendre function @, (x) are given by the
formulae

1 dr

Pulz) = n!2n dz™ (" = 1)",
Qn(x):% () In T_Li S L @) P n(a).

Functions P, = P,(z) can be conveniently calculated by the recurrence relations

m+ 1
ntlop " p .
n+1 n-+1

1
P():]., P1:£L', P225(31'2—1), ey PnJrl:

Three leading functions @, = Q,(x) are

1 1+ 2z x 1+x 3x2—1 1+x 3
— 2 - 1 - 1 -2
Qo=ghg—pr @Qi=F5h—r-1 G L t1—z 27

2.5.4. Integral Representation

Forn=0, 1, 2, ...
'v+n+1) (7 v
P}(z) = ———— [ (2+4costV/z2—1) cos(nt)dt, Rez>0,
WF(U+ 1) 0

F'v+n+1
Q) = ()" g

Note that in the latter formulae z # z, -1 < z < 1.

(2% — 1)*"/2/ (z4cost)" V" sint)* 1 dt, Rev > -1,
0

2.6. The Weierstrass function o

2.6.1. Definitions
The Weierstrass function p = p(z, g2, g3) is defined implicitly by the elliptic integral

/p dt
z =
o /4P — gat — g3

and satisfies the first order differential equation
(91)* = 49° — gop — g5
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2.6.2. Some Properties
Below p(z) stands for p(z, g2, g3)-

1

o(2) = p(—2), ozt ) = —plz1) — plen) -~ [

o'(21) — 9'(22) r
] -

p(z1) — p(22)

In the vicinity of the point z = 0, the Weierstrass function can be expanded into the
series
g3 a4 g% 6 39295 g
— 2 —
20° T 287 T 12007 T 6160

I 9
p(z) = -
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